Abstract. Given a closed manifold M and a vector bundle ξ of rank n over M, by gluing two copies of the disc bundle of ξ, we can obtain a closed manifold D(ξ, M), the so-called double manifold.
Introduction
Let N be a connected complete Riemannian manifold. A non-constant smooth function f : N → R is called transnormal, if there exists a smooth function b : R → R such that the gradient of f satisfies |∇ f | 2 = b( f ). Moreover, if there exists another function a : R → R such that the Laplacian of f satisfies △ f = a( f ), then f is said to be isoparametric. The two equations mean that regular level hypersurfaces are parallel and all have constant mean curvature. Each regular level hypersurface is said to be an isoparametric hypersurface. In [Wa87], Wang proved that singular level sets are also smooth submanifolds, the so-called focal submanifolds. Recall that an isoparametric foliation on a Riemannian manifold N is defined by the whole family of regular level hypersurfaces together with focal submanifolds of an isoparametric function(cf. [Wa87] , [GT13] and [QT15] ). Equivalently, an isoparametric foliation is a singular Riemannian foliation all of whose regular leaves are hypersurfaces with constant mean curvature(cf. [GQ15] ). For instance, the orbits of an isometric cohomogeneity one action on N form an isoparametric foliation, the so-called homogeneous isoparametric foliation. Hence, isoparametric foliations can be regarded as a geometric generalization of cohomogeneity one actions.
E. Cartan was the pioneer who made a comprehensive study of isoparametric hypersurfaces in real space forms, especially in the unit spheres. Particularly, he proved that isoparametric hypersurfaces in real space forms are equivalently hypersurfaces with constant principal curvatures and obtained the classification results for the Euclidean and hyperbolic cases. For the spherical case, if the number of distinct principal curvatures is no more than 3, then he showed that the isoparametric hypersurfaces must be homogeneous. Given an isoparametric hypersurface Y n in S n+1 (1), let η be a unit normal vector field, g the number of distinct principal curvatures, cot θ α (α = 1, 2, · · · , g; 0 < θ 1 < θ 2 < · · · < θ g < π) the principal curvatures with respect to η and m α the multiplicity of cot θ α . Under this setting, H. F. Münzner [Mü80] proved that θ α = θ 1 + α−1 g π, m α = m α+2 (indices mod g), and there exists a homogeneous polynomial
where m 1 and m 2 are the two multiplicities, and ∇ E , △ E are Euclidean gradient and Laplacian, respectively. It follows that f = F| S n+1 (1) is an isoparametric function on S n+1 (1) with Im f = [−1, 1], and M ± = f −1 (±) are two focal submanifolds with codimension m 1 + 1 and m 2 + 1 in S n+1 (1) respectively. Moreover, based on this global structure, he obtained the splendid result that g = 1, 2, 3, 4 or 6. Owing to E. Cartan and H. F. Münzner, the classification of isoparametric hypersurfaces with 4 or 6 principal curvatures in unit spheres is an intriguing problem in submanifold geometry. Up to now, isoparametric hypersurfaces with 4 principal curvatures in unit spheres have been classified except for one case(cf. [CCJ07] , [Im08] and [Ch13] ). For recent progress and application in this subject, we refer to [GX10] , [TY13] , [QT14] and [TY15] .
One of the fundamental problems in Riemannian geometry is to investigate Riemannian manifolds with special curvature properties, especially manifolds with positive scalar, Ricci or sectional curvatures. For the scalar curvature case, due to the surgery theory of Schoen 
, where ν(M + ) and ν(M − ) are the normal bundles over the focal submanifolds M + and M − of isoparametric hypersurface Y n in S n+1 (1), respectively.
To consider the Ricci curvature properties of double manifolds, we firstly obtain the following result. Theorem 1.2. Let ξ be a Riemannian vector bundle of rank n over a closed Riemannian manifold (M, ds 2 M ). Given a connection metric on E, then each sphere bundle S r (ξ) of radius r > 0 is an isoparametric hypersurface in E. Moreover, assume (M, ds 2 M ) has positive Ricci curvature and n ≥ 3, then, for sufficient small r > 0, the sphere bundle S r (ξ) of radius r > 0 with the induced metric in E has positive Ricci curvature. Remark 1.1. Actually, for sufficient small r > 0, the sphere bundle S r (ξ) of radius r with the induced metric in E has positive scalar curvature without the assumption that (M, ds 2 M ) has positive Ricci curvature. [QT14a] ). Hence, according to Bonnet-Myers theorem, D(S n+1 − ) can not admit a metric with positive Ricci curvature in this case.
Remark 1.5. The natural isoparametric foliations constructed in Theorem 1.4 are foliated diffeomorphic to the ones constructed in Theorem 1.1 of [TXY12] . For the definition of foliated diffeomorphism, we refer to [Ge14] and [GQ15] .
Geometry of vector bundles and associated sphere bundles
In this paper, we shall make use of the following convention on the ranges of indices:
Generally, let (N, ds 2 N ) be a Riemannian manifold of dimension m + n. Choose a local orthonormal frame e 1 , · · · , e m+n , and let θ 1 , · · · , θ m+n be the dual frame such that ds 2 N = m+n A=1 (θ A ) 2 . Then we have the first and second structural equations:
where θ AB are the connection 1-forms, and Θ AB = 1 2 K ABCD θ C ∧ θ D are the curvature 2-forms with K ABCD the components of the curvature tensor.
In this section, we will consider the geometry of vector bundles and sphere bundles. Let (M, ds 2 M ) be a m-dimensional closed Riemannian manifold, and ξ a Riemannian vector bundle of rank n over M with total space E and projection π : E → M. For our purpose, we fix a metric ·, · on ξ and choose a connection D compatible with ·, · .
Let U be an open neighborhood in M, and ds
where ω i j are connection 1-forms, and Ω i j = 1 2 R i jkl ω k ∧ ω l are the curvature 2-forms with R i jkl the components of the curvature tensor.
Assume U is small enough such that ξ| U is trivial, we can choose orthonormal cross sections e m+1 , ..., e m+n on U for ξ, i.e. e α , e β = δ αβ , and
is the matrix expression of the connection D. Note that D is compatible with ·, · means that (ω αβ ) is skew-symmetric. The curvature 2-forms Ω αβ of the connection D are determined by dω αβ = ω αγ ∧ ω γβ − Ω αβ , where
Define θ i := π * ω i and θ α := dv α + v β ω βα . Then ds 2 ξ = (θ i ) 2 + (θ α ) 2 is a well-defined Riemannian metric on E, i.e., the so-called connection metric(cf. [Je73] , [Na79] ). For convenience, we give the formulae of connection 1-forms θ AB and curvature 2-forms Θ AB of the connection metric in the following by making use of the moving frame method.
Proposition 2.1. The connection 1-forms θ AB are determined by
and the curvature 2-forms Θ AB are given by
where
Proof. By using the first and second structural equations and a direct computation.
As a consequence, we can obtain the components of curvature tensor, which are defined by
Proposition 2.2. The components of the curvature 2-forms Θ AB are given by
, v, v = r 2 }, the associated sphere bundle of radius r > 0. At present, we are in the position to prove Theorem 1.2.
Proof of Theorem 1.2:
Proof. At first, observe that the function f : E → R, (p, v) → v, v is a transnormal function(cf. Theorem 2.2 in [QT15] ). Next, we need to compute the principal curvatures of S r (ξ) ⊂ E for any r > 0. On
is a natural global normal vector field of S r (ξ) ⊂ E. In order to study the extrinsic geometry of S r (ξ), we introduce the orthogonal transformation P : R n → R n defined by
where x = (u m+1 , . . . , u m+n−1 ) and x n = u m+n . Choose the moving frame {ϕ i , ϕ a , ϕ m+n } by ϕ i = θ i and ϕ α = P αβ θ β . Particularly, ϕ m+n = u α θ α = dr. Therefore, {ϕ i , ϕ a , ϕ m+n } is exactly the adapted moving frame with respect to S r (ξ) ⊂ E. The associated connection 1-forms (ϕ AB ) are given by
It follows that ϕ im+n = 0 and ϕ am+n = − ϕ a r . Therefore, for each r > 0, S r (ξ) is an isoparametric hypersurface in E with constant principal curvatures 0 and − 1 r with multiplicities m and n, respectively.
Now, under the assumption (M, ds 2
M ) has positive Ricci curvature and n ≥ 3, we will prove the induced metric of S r (ξ) ⊂ (E, ds 2 ξ ) has positive Ricci curvature for r > 0 small enough. To compute the Ricci curvatures of S r (ξ), choose the moving frame {ϕ i , ϕ a , ϕ m+n } of (E, ds 2 ξ ), and define
, then {ψ i , ψ a } is a moving frame for S r (ξ). Let ψ i j , ψ ia , ψ ab be the associated connection 1-forms, and Ψ i j , Ψ ia , Ψ ab the associated curvature 2-forms respectively. By the Gauss equations of S r (ξ) ⊂ E, it follows that 
Observe that
2 rR αβi j u β , and the norms of R αβi j , R αβi j,k are bounded on M, since M is a closed Riemannian manifold. By the assumption M has positive Ricci curvature, it follows that, for r > 0 small enough, the Ricci curvature tensor Ric S r is positive definite. And the proof is complete.
Ricci curvature and isoparametric foliation on double manifold
In this section, we will prove Theorem 1.3. The key observation is the following fact in [TXY12] . For convenience, denote the total space of ξ ⊕ 1 by E(ξ ⊕ 1) and the projection also by π : E(ξ ⊕ 1) → M. As in Section 2, we fix a metric ·, · on ξ and choose a connection D compatible with ·, · . At present, for the vector bundle ξ ⊕ 1, it is natural to extend the metric ·, · on ξ to ξ ⊕ 1 such that ξ ⊕ 1 is an orthogonal Whitney sum, denoted also by ·, · . Moreover, choose a unit section e m+n+1 for the trivial line bundle 1. By demanding that e m+n+1 is parallel, we extend naturally the connection D on ξ to a connection on ξ ⊕ 1, denoted also by D.
Assume U is small enough such that ξ| U is trivial, we can choose orthonormal cross sections e m+1 , ..., e m+n on U for ξ. Then e m+1 , ..., e m+n , e m+n+1 is an orthonormal cross sections on U for ξ ⊕ 1. Moreover, for m + 1 ≤ α, β ≤ m + n, De α = ω αβ e β , and De m+n+1 = 0, where (ω αβ ) is the matrix expression of the connection D. Consequently, ω m+n+1 α = −ω α m+n+1 = 0.
Proof of Theorem 1.3:
Proof. By the assumption, choose the Riemannian metric ds 2 M on M with positive Ricci curvature. According to Theorem 1.2, for the connection metric on E(ξ ⊕ 1), and for r 0 > 0 small enough, the sphere bundle S r 0 (ξ ⊕ 1) of radius r 0 with the induced metric has positive Ricci curvature.
Next, we will construct the natural isoparametric foliation on S r 0 (ξ ⊕ 1). Let f : S r 0 (ξ ⊕ 1) → R be a smooth function such that f (p, v) is the e m+n+1 -component of v for each point (p, v) ∈ S r 0 (ξ ⊕ 1). We will prove that f is an isoparametric function.
Choose an open neighborhood
, where ω 1 , ..., ω m are 1-forms on U. Let ω i j and Ω i j be the connection 1-forms and curvature 2-forms, respectively. Moreover, assume U is small enough such that ξ| U is trivial, and choose orthonormal cross sections e m+1 , ..., e m+n for ξ| U , with connection 1-forms ω αβ and curvature 2-forms Ω αβ . For the vector bundle ξ ⊕ 1, we assume e m+n+1 is parallel as before, i.e., ω m+n+1 α = −ω α m+n+1 = 0.
Under this local trivialization of (ξ ⊕ 1)| U , for each point (p, v) ∈ (ξ ⊕ 1)| U , we have v = v α e α + v m+n+1 e m+n+1 . Define θ i := π * ω i , θ α := dv α + v β ω βα and θ m+n+1 := dv m+n+1 . The connection metric ds 2 (ξ⊕1) can be expressed as ds
r , where r 2 = (v α ) 2 + (v m+n+1 ) 2 . Then, for the sphere bundle S r 0 (ξ ⊕ 1), the induced metric ds 2 S r 0 (ξ⊕1) metric can be expressed as
Under this local coordinate system,
To complete the proof, it is sufficient to show the regular hypersurfaces of f have constant principal curvatures. Write
2 )(dw α + w β ω βα ) 2 .
Using the substitution t = arccos u m+n+1 for −1 < u m+n+1 < 1, we obtain that
Now, we can choose ϕ i = θ i , ϕ 0 = r 0 dt, and ϕ a = r 0 sin tψ a such that
Then {ϕ 0 , ϕ i , ϕ a } is a moving frame for S r 0 (ξ ⊕ 1) with ϕ 0 | f −1 (c) = 0 for −r 0 < c < r 0 . Let ϕ 0i , ϕ 0a , ϕ i j , ϕ ia , ϕ ab be the connection 1-forms. To obtain the principal curvatures of f −1 (c) ⊂ S r 0 (ξ ⊕ 1), it is sufficient to determine the forms ϕ 0i and ϕ 0a . Define
From the first structural equations, we have
By a direct computation, we have
Therefore, ϕ 0i = 0 and ϕ 0a = cot t r 0 ϕ a . That is to say, the hypersurface f −1 (c) has constant principal curvatures 0 and − 
Applications to isoparametric foliation of unit spheres
In this section, based on Theorem 1.3, we will study the Ricci curvature and isoparametric foliation on double manifolds D(S n+1 ± ), and prove Theorem 1.4.
Proof of Theorem 1.4:
Proof. Let Y n be a closed isoparametric hypersurface with 4 distinct principal curvatures in S n+1 (1) with two focal submanifolds M + and M − of codimension m 1 + 1 and m 2 + 1 in S n+1 (1) respectively(cf. [CR85] ). And n = 2(m 1 + m 2 ). Without loss of generality, we can assume m 1 ≤ m 2 .
Case (1).
(m 1 , m 2 ) = (1, k): According to [Ta76] , the isoparametric hypersurfaces in this case must be homogeneous. More precisely, they are the principal orbits of isotropy representation of the symmetric pair (SO(k+4), SO(2)×SO(k+2)). For the symmetric pair (SO(k+4), SO(2)× SO(k + 2)), we have the Cartan decomposition o(k + 4) = (o(2) + o(k + 2)) ⊕ p, where p is the orthogonal complement of (o(2) + o(k + 2)) with respect to the Killing form B of o(k + 4), and p has the canonical induced inner product. Let S (p) be the unit sphere in p. Then G = SO(2) × SO(k + 2) acts on p by conjugation and it induces the cohomogeneity one action on S (p), the principal orbits of which are isoparametric hypersurfaces in this case. Let K + = ∆SO(2) × SO(k), K − = Z 2 · SO(k + 1) and H = Z 2 · SO(k) be the closed subgroups of G. Now, the proof is complete.
